NuCraft (nucraft.hepforge.org) is an open-source Python project that calculates neutrino oscillation probabilities for neutrinos from cosmic-ray interactions in the atmosphere for their propagation through Earth. The solution is obtained by numerically solving the Schrödinger equation. The code supports arbitrary numbers of neutrino flavors including additional sterile neutrinos, CP violation, arbitrary mass hierarchies, matter effects with a configurable Earth model, and takes into account the production height distribution of neutrinos in the Earth's atmosphere.
Introduction
Neutrino oscillations have been a major research topic for many particle and astroparticle physicists over the last decades. While neutrinos do not possess a mass in the minimum Standard Model of Particle Physics, many oscillation experiments have demonstrated that there are non-zero neutrino masses, and that their mass eigenstates differ from their flavor eigenstates. Despite the large progress that has been made in this field, there are still many open questions regarding neutrinos, including their absolute mass scale, their mass hierarchy, CP-violation, whether there are more than the three known flavors, and whether neutrinos are Majorana particles. Additionally, some neutrino properties are not yet very well measured, and neutrino oscillations are a good phenomenon to improve our knowledge of those.
NuCraft is a Python project designed to compute oscillation probabilities of neutrinos that originate from cosmic-ray interactions in the Earth's atmosphere, socalled atmospheric neutrinos. Many experiments are able to detect and measure atmospheric neutrinos, and nuCraft can help to utilize those large numbers for oscillation analyses.
Theory

Neutrino oscillation in vacuum
Neutrinos change their flavor during propagation in spacetime as a consequence of their weak-interaction flavor eigenstates ν α not being identical to their mass eigenstates ν j [1] ; instead, they are a linear combination of each other, described by the unitary PontecorvoMaki-Nakagawa-Sakata (PMNS) matrix U:
The PMNS matrix for n ∈ N neutrino flavors can be parameterized as a product of rotation matrices R jk ≡ R jk (θ jk , δ jk ) ∈ C n×n ,
with mixing angles θ jk ∈ R, CP-violating Dirac phases δ jk ∈ {z ∈ C | |z| = 1}, and Kronecker's deltaδ mn . This parametrization has to be given explicitly, because there is no clear canonical version for cases with n > 3, and rotation matrices do not commute in general. If neutrinos are Majorana particles, one also has to add CPviolating Majorana phases to the diagonal of the PMNS matrix, but those do not influence oscillation phenomena and are therefore omitted for this work. For antineutrinos, U has to be replaced by its complex conjugate. Neutrinos originate from weak interactions, so they are generated in definite flavor eigenstates. Their propagation through vacuum is described by the timedependent n-dimensional Schrödinger equation (c = = 1) 1 :
In the ultra-relativistic limit, this is simplified using
, which implies v = c and p j = p 1 for all j. Both approximations are fulfilled well for atmospheric neutrinos, but they do not necessarily hold for neutrinos of cosmological origin, which are not the scope of this work. Terms proportional to the identity matrix do not cause migration from one eigenstate into another and can be omitted; using the PMNS matrix to translate the Schrödinger equation into the flavor bases yields
Transition probabilities can then be obtained by
Matter effects
When propagating through matter, neutrinos are subject to coherent forward scattering, which can strongly influence the oscillation behavior [1] . The three known flavors of neutrinos can scatter on all particles via Neutral Current (NC) interactions, and ν e and ν e can additionally scatter via Charged Current (CC) interactions on electrons without being absorbed. In contrast, sterile neutrinos do not interact via weak interactions per definition. These processes induce an effective squared mass:
, ρ is the mass density, and m N is the mean of the proton mass and the neutron mass [1] . The upper signs hold for particles, the lower for antiparticles. The reason for A NC only to depend on the neutron density is that in electrically neutral and unpolarized matter, proton and electron potentials cancel out. In some publications, matter effects are classified as either caused by the Mikheyev-Smirnov-Wolfenstein (MSW) effect or by parametric enhancement to gain phenomenological insights [2] . The work presented here correctly handles both, but the effects cannot be separated because they both originate from A when numerically solving the Schrödinger equation.
The interaction picture
Numerical algorithms for solving ordinary differential equations generally work the better the smoother the solutions are, such that the internal time steps can be chosen large without losing precision. The solution for the Schrödinger equation (2) however is in most cases similar to the plane-wave solution for vacuum oscillations. To significantly reduce the number of time steps the solvers need in these cases, the Schrödinger equation can be transformed into the interaction basis, in which the vacuum solution is a constant function [3] :
The additional computations that are needed per time step are relatively expensive, but in most cases they are more than compensated for by the reduced number of steps required.
Program
NuCraft is fully written in Python and is compatible with both Python 2 (tested with 2.6 and above) and Python 3 (tested with 3.3). It relies on the libraries NumPy [4] and SciPy [5] and especially uses a SciPy wrapper around the ODE solver ZVODE [6] . Using ZVODE, it directly solves the Schrödinger equation (3) in the interaction picture. The nuCraft source code is available at [7] under the revised BSD license (3-clause version).
The project nuCraft consists of two classes, NuCraft and EarthModel.
NuCraft is a class with three helper methods ConstructMassMatrix, ConstructMixingMatrix and InteractionAlt as well as the main methods CalcWeights and CalcWeightsLegacy, with the latter solving the Schrödinger equation not in the interaction picture. The legacy method does not perform the transformations described in subsection 2.3 and is therefore easier to read and faster in cases where vacuum oscillations are weak in comparison to matter effects (e.g., for sterile neutrinos at high neutrino energies), but generally, it is substantially slower and does not offer all features, so its use is discouraged. EarthModel is an auxiliary class that allows for convenient and flexible specification of the parameters of the Earth that are relevant for oscillation effects of atmospheric neutrinos; see section 4. For information regarding the usage of the classes and methods, such as input parameters and output formats, please see docstrings and inline documentation.
Earth Model
As detailed in subsection 2.2, the mass density ρ and the electron fraction Y e are important for the proper calculation of oscillation probabilities. NuCraft assumes the Earth to be spherical and by default uses the mass density values given by the Preliminary Reference Earth Model (PREM; see figure 1 ) [8] . The electron fraction is assumed to be 0.4957 in the mantle (including the crust) and 0.4656 in the inner and outer core. The electron fractions of these three regions can be adjusted independently.
The customization of the Earth model can be done by the aforementioned class EarthModel. By default, nuCraft only offers the default PREM density profile. Electron fractions can be modified with a keyword argument, new density profiles can either be added to the dictionary models inside EarthModel, or can be loaded from a text file; an example file is provided with the code. Together with a trivial change in nuCraft's main class, this class can also be used to employ nonsymmetrical Earth models for use with reactor neutrino experiments.
Atmosphere
The atmosphere is relevant because it is the region where the atmospheric neutrinos are produced, thereby influencing the neutrino path length. NuCraft uses the atmospheric model described in [9] . The original model gives neutrino rates from meson and muon decays as functions of energy at six discrete zenith angle values, with no closed-form solution. As the difference of the production heights between 2 GeV and 200 GeV is small compared to the width of their distributions (see figure 2) , it was decided to fix the energy at 2 GeV. At each given zenith angle θ, the height distribution is described well by a log-normal distribution (figure 3) with two fitted parameters µ and σ. To be able to interpolate to other zenith angle values, the fit results of these parameters were then parameterized as functions of the zenith angle, using a polynomial for µ and a power function plus a linear polynomial for σ. The original model does not predict values very close to the horizon (|cos(θ)| < 0.05). It has been extrapolated to achieve a smooth transition between upgoing and downgoing particles.
By default, nuCraft computes eight 2 equally likely production heights by evaluating the quantile function of the log-normal parametrization at the central values of the partition of [0, 1] into eight equally-sized intervals. It then calculates the oscillation probabilities at the detector for the neutrino with the lowest production height. For the other seven heights, vacuum oscillation probabilities are computed analytically for the path length differences, and the average of all eight heights is returned. Alternatively, nuCraft can assume production at a fixed height, randomly draw a single height from the described model, or fully propagate neutrinos 2 Eight is a good compromise between precision and speed. Figure 3 : Exemplary unnormalized probability density function for the neutrino production height at 2 GeV and cos(θ) = 0.75 (black; corresponding to a path length of 9556 km without atmosphere), and log-normal distribution fitted to it (gray).
at eight equally likely production heights to the detector, which is slow and meant for comparison only. Figure 4 : Time in seconds needed per oscillation probability computation in dependence of neutrino energy for the standard three-flavor model, for muon neutrinos (gray) and muon antineutrinos (black), distributed uniformly in cos(θ). The feature at about 10 GeV is caused by matter effects. Times were measured using a single core of an AMD Phenom II X6 1055T CPU.
Performance
NuCraft prioritizes accuracy and flexibility over speed; moreover, Python is not the best choice for highperformance computing. Nonetheless, its speed can compete with similar tools written in C++ because of extensive use of highly optimized NumPy and SciPy functions. Figure 4 can be used to estimate the calculation speed, which does also depend on the neutrino parameters, zenith angle distribution, and to a smaller extent on the Earth model. 
